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We investigate a new form of contribution for the anomalous magnetic moment of all particles.
This common origin is displayed in the framework of a recent treatment of electrodynamics that
is based in the introduction of an electromagnetic metric which has no gravitational character.
This effective metric constitutes a universal pure electromagnetic process perceived by all bodies,
charged or not charged. As a consequence it yields a complementary explanation for the existence of
anomalous magnetic moment for charged particles and even for non-charged particles like neutrino.
PACS numbers: 03.50.-z, 13.40.Em, 14.60.-z, 14.60.St.
I. INTRODUCTION
In the standard model of particle physics neutrinos possess the most intriguing and interesting behavior. It is
understood that neutrinos have only gravitational and weak interaction. Although they do not have a standard
magnetic moment—since they have no charge—there has been investigations beyond the standard model, concerning
the possibility that neutrinos could have an effective magnetic moment (see details of this proposal in Refs. [1–4]).
For any charged particle the classical magnetic moment (µ) is inversely proportional to the mass µ = e~/2m, where ~
is the reduced Planck constant, e is the elementary charge and m is the mass of the particle. In the case of electrons,
for example, µ ≡ µB = e~/2me is the Bohr magneton. However, in the case of neutrinos ν, it has been suggested
that µν depends linearly on the neutrino mass, due to some restrictions on the extension of the standard model. As
a consequence, this type of coupling between the spinor field and the electromagnetic field presents some difficulties
concerning the variational principle and the re-normalization process.
In this paper we argue that the magnetic moment of any particle is composed of two very distinct parts: the
standard one that depends on the charge of the particle—from dimensional analysis, it is inversely proportional to
the corresponding mass—and another part (we call the geometrical magnetic moment) that depends linearly on the
mass. This second case, which is many orders of magnitude lower than the standard one, is common for all particles
and does not depend on their charge. In other words, we shall see that part of the anomalous magnetic moment of
charged particles (we deal here in the leptonic sector) is a consequence of such geometrical magnetic moment and for
neutral particles, like neutrinos, our proposal provides a nonzero magnetic moment. We shall compare the effects of
both terms from experimental data.
Our proposal is based on Ref. [5], in which the equivalence between the electromagnetic Born-Infeld theory in
a specific curved geometry and Maxwell’s theory in the Minkowski space-time was demonstrated. In other words
Maxwell’s linear electrodynamics in flat space-time may be deformed into a Born-Infeld theory in a curved space-
time. This means that any solution of the former is also a solution of the latter, which is given in terms of a prescribed
map. This is possible because the associated curved space-time depends only on the electromagnetic fields. Indeed,
due to the algebraic structure of the electromagnetic two-form Fµν and its dual, there exist a kind of closure relation
that allows the existence of this mapping, thus generating a dynamical bridge between these two paradigmatic theories.
We will show that the results presented in that paper can become more than a simple mathematical analogy. Indeed
the application of the dynamical bridge in specific situations suggests a new manner to understand the origin of the
anomalous magnetic moment, which depends linearly on the mass, as a direct consequence of the electromagnetic
geometry.
∗Electronic address: novello@cbpf.br
†Electronic address: eduhsb@cbpf.br
2II. THE ELECTROMAGNETIC DYNAMICAL BRIDGE
Recently, it was shown that the Born-Infeld dynamics in a curved space-time endowed with an associated metric
eˆµν is dynamically equivalent to the linear Maxwell electrodynamics described in a flat Minkowski background [5].
Namely, there is a map, which we call dynamical bridge (DB), relating these two dynamics in such a way that they
are distinct representations of one and the same physics. It means that any solution of the former will also be a
solution of the latter, which is given in terms of a preestablished map. This task is highly nontrivial and becomes
possible only if the space-time metric depends explicitly on the electromagnetic field. Due to the algebraic structure
of the electromagnetic tensor Fµν and its dual
∗Fµν (see details in Appendix A), there are some closure relations
that allow the existence of this map, generating a connection between those two paradigmatic theories. The apparent
disadvantage is to leave aside the simple Minkowski background ηµν and to go to a specific curved space-time eˆµν ,
which is constructed solely in terms of the background metric and the electromagnetic fields. In principle, one could
suspect that this map is useless because it links a very simple electromagnetic theory in flat space to a nonlinear theory
in a curved space-time. Notwithstanding, we will show that, according to the particular situation physical principles
will guide us in the choice of the more appropriate representation to describe the system under consideration.
The motivation to deal with the Born-Infeld theory in curved space is similar to the one adopted by Born and
Infeld in their seminal paper [6], whose the main idea consists in the production of a scenario where the classical
electromagnetic field is finite; in practical means, the theory has a “cut off” on a critical value for the electromagnetic
field.
Besides, the introduction of a curved geometry given entirely in terms of the electromagnetic field requires, from
the physical point of view, the presence of this characteristic (the critical field) in order to guarantee the regularity
of the curvature of the space-time. In this vein, let us briefly review the DB method applied to this scenario making
a self-consistent the exhibition of our proposal.
We start by considering the Born-Infeld Lagrangian for the electromagnetic field Fµν , defined in a curved geometry
eˆµν , as follows
L = β2
(
1−
√
Uˆ
)
, (1)
where β is a free parameter interpreted as the critical electromagnetic field and
Uˆ ≡ 1 + Fˆ
2β2
− Gˆ
2
16β4
.
The dynamical equation for the electromagnetic field in the Born-Infeld theory is
∂ν
[√− eˆ
Uˆ
(
Fˆµν − 1
4 β2
Gˆ ∗Fˆµν
)]
= 0, (2)
where eˆ is the determinant of the metric eˆµν . Let us define a particular curved space-time endowed with the electro-
magnetic metric defined as
eˆµν ≡ a ηµν + bΦµν , (3)
and
Φµν ≡ Fµα Fαν .
The coefficients a and b of the electromagnetic metric tensor should be functions of the invariants F ≡ Fµν Fµν
and G ≡ Fµν ∗Fµν construct with the tensor Fµν and its dual. The algebraic relation between Φµν and Fµν is unique.
Any other expression for Φµν constructed in terms of Fµν and its dual is a combination of ηµν and FµαF
α
ν , which
can then be incorporated into the coefficients a and b. The indexes of all quantities with the symbol (ˆ) are raised
and lowered with the metric eˆµν . In particular, the invariants Fˆ and Gˆ are constructed with this metric
1.
To show this equivalence, it is worth to evaluate the tensor Fˆµν and its dual, defined in the electromagnetic metric
eˆµν as functions of the electromagnetic field F
µν and its dual constructed in the Minkowski geometry.
1 See Appendix A to find the definition of the quantities that appear in this section, like Uˆ , Fˆ , Gˆ etc.
3The definition of Fˆµν and the choice of the metric eˆµν implies that these fields are related through the expression


Fˆµν
a2
∗Fˆµν
a2

 =

 p− ǫFq −
ǫGq
2
− ǫGq2 p


(
Fµν
∗Fµν
)
, (4)
where ǫ ≡ b/a and
p = 1 +
ǫ2G2
16
, q = 1− ǫF
4
.
We can interpret Eq. (4) as nothing but a map from (Fµν , F
∗
µν) into (Fˆµν , Fˆ
∗
µν). Substituting this equation in Eq.
(2) and making the requirement that Born-Infeld dynamics in the eˆµν corresponds to the Maxwell dynamics in flat
Minkowski space-time, we obtain the following equations for the coefficient of the electromagnetic metric (see [5] for
more details)


p− ǫFq + Gˆ
2β2
ǫq = −Q4 ,
−ǫGq + Gˆp
2β2
= 0,
(5)
where
Q = 1− ǫF
2
− ǫ
2G2
16
.
Solving these equations for a and ǫ, we get the final form of metric eˆµν which maps the solutions of the Born-Infeld
theory in the eˆµν curved space into solutions of the Maxwell theory in Minkowski flat space. Although this is a
very general result we will consider here only the case in which the topological invariant G vanishes. We postpone
the analysis of the general case for another place. This regime corresponds to an electric field orthogonal to the
magnetic field in the Maxwell theory (which includes plane waves). From this assumption, the second equation of
(5) is identically satisfied. Therefore, one of the metric coefficients remains undetermined and, for simplicity, we fix
a = 1. The other one is determined by equation (5) and is given by the roots of a third order polynomial. There are
3 possibilities for the values of ǫ :
ǫ = {ǫ0, ǫ+, ǫ−} =
{
2
F
,
2
F
(
1± 1√
1− F/2β2
)}
. (6)
We note that ǫ0 can be neglected, once in this case the determinant of the matrix relating the fields in Eq. (4) vanishes.
Consider the regime in which the electromagnetic field is very low in comparison to the critical field, i.e., F ≪ β2.
In this case, if we perform a power series expansion in terms of F/2β2 for the remaining allowed solutions, we see that
the series does not converge for ǫ+. Therefore, only ǫ− is an acceptable solution in this regime and the electromagnetic
metric, in first order of F/2β2, reduces to the form
eˆµν ≈ ηµν + 1
2 β2
Φµν . (7)
From now on, we shall examine only this regime for the metric. Remark that it is possible to interpret the presence of
the electromagnetic metric as a small deviation from the flat space-time generated by the electromagnetic field. From
the dynamical bridge between the equivalent representations it follows that we can describe pure electromagnetic
phenomenon either in terms of Maxwell theory in flat Minkowski space-time or as Born-Infeld dynamics in the
electromagnetic curved geometry.
Henceforth we denote Maxwell-Minkowski or MM-representation the case where one chooses to describe electromag-
netic processes in the linear Maxwell theory in the flat Minkowski space-time. On the other hand, when one applies
the dynamical bridge approach and describes the same processes in the nonlinear Born-Infeld theory in a curved
space-time driven by the metric eˆµν , it will be denoted electromagnetic metric or for short, the Eˆ− representation.
Let us emphasize that these representations describe one and the same dynamics.
4III. THE ELECTROMAGNETIC METRIC
The presence of a curved structure of the space-time in the realm of electromagnetic fields can be an important
theoretical instrument of analysis only if one introduces a prescription of how matter perceives this geometry. Then,
the question is: how matter interacts with the electromagnetic metric? This question appears immediately as long as
one wants to explore this metric formulation in the presence of matter.
At this point, we are led to propose the natural idea that all kind of particles, charged or not charged,
interacts with the metric eˆµν in a universal and unique way. The simplest manner to realize this hypothesis is
by using the minimal coupling principle that we borrow from gravitational processes as they are described in general
relativity. Although this hypothesis may appear at first glance very unusual and even an heresy, we shall see that it
contains a well-posed program with observational consequences that could prove or disprove it. In order to proceed
with this idea we examine the case of spinor fields in particular the leptonic sector of the standard model, to investigate
what new effects one can extract from this geometrical scenario.
The extended dynamical bridge concerns the behavior of all kind of matter. In the Eˆ-representation the assumption
of complete democracy—that is, the idea that any kind of matter, charged-or-not, lives in the geometry eˆµν—implies an
equivalent effect in the MM-representation. In particular, the equation of motion of the neutrino in the electromagnetic
geometry, provokes the need to assume a direct interaction between the neutrino and the electromagnetic field in the
MM-representation. Indeed, one is led to accept that in this representation there should exist an extra term in the
Lagrangian which is the analogue of the minimal coupling principle between electromagnetic field and the neutrino
embedded in the metric eˆµν . We shall see that, for instance, the role of the parameter β that appears explicitly in
the Eˆ-representation, becomes the ratio between the magnetic moment of any particle due to its interaction with the
electromagnetic metric and its corresponding mass.
IV. MINIMAL COUPLING PRINCIPLE
Let us describe the electromagnetic effects on the spinor field equation in the Eˆ-representation. We explore the
equivalence displayed by the dynamical bridge and deal with an extended version of the way matter interacts with
the electromagnetic field. It is a universal and well-accepted belief that only charged matter is able to couple directly
with the electromagnetic field. Nevertheless, from what we have shown above, the analysis in the Eˆ− representation
allows a new possibility of interaction.
The equivalence between the Born-Infeld theory in the Eˆ-representation and the Maxwell dynamics in flat space
was shown only in the case of free fields. We extend this equivalence by assuming that matter couples universally to
the electromagnetic field in the eˆµν framework. The question then is: what are the consequences of this hypothetical
universality if the electromagnetic process is described in the MM-representation?
Following our approach, let us investigate the consequences of the coupling in the Eˆ-representation. We start by
noticing that there are two possible forms of interaction of the matter with the electromagnetic field, that is
• through the vector potential Aµ;
• through the metric tensor eˆµν .
Once only the geometrical form of interaction was not considered before, we will concentrate our analysis here on
this second way. Let us point out that the existence of the electromagnetic geometry makes sense and may have
further consequences only if this geometry is perceived for all kind of matter. We are then led to state the following
assertion, that may be felt at first glance as an heresy: if in a given domain there exists an electromagnetic field, then
every single body perceives itself as embedded in the electromagnetic geometry eˆµν . This means that a test particle
can couple to the electromagnetic field without having electric charge. In other words, if a particle has an electric
charge it couples with the electromagnetic field through the standard channel via the potential Aµ. This happens
only for the class of bodies that are denominated charged particles. On the other hand, all particles (charged or
not) interacts with the electromagnetic geometry in an unique and the same way, according to the minimal coupling
principle stated above. What are the main consequences of this apparently strange hypothesis? That is the purpose
of the next section.
V. THE Eˆ−METRICAL ORIGIN OF THE NEUTRINO MAGNETIC MOMENT
In the case of neutrinos, which are uncharged, there is only the geometrical way to couple with the electromagnetic
field. We will apply the minimal coupling principle in the Eˆ-representation and analyze the consequences of this in
5the standard Maxwell-Minkowski representation.
We start by defining the associated Dirac matrices γˆα by the relation
{γˆµ, γˆν} = 2 eˆµν 1, (8)
where 1 is the identity matrix of the associated Clifford algebra and the curly brackets means anti-commutation.
Analogously, in the MM-representation, we have
{γµ, γν} = 2 ηµν 1. (9)
It then follows that we can set2
γˆµ = γµ − 1
4 β2
Φµαγ
α. (10)
Therefore, the dynamical equation for the spinor field, in the metric eˆµν , becomes
i~c γˆµ∇ˆµΨ−mc2Ψ = 0. (11)
The covariant derivative ∇ˆµ ≡ ∂µ − Γˆµ is given in terms of the Christoffel symbols constructed with the electromag-
netic metric and the internal connection is provided by the Fock-Ivanenko coefficients obtained from the generalized
Riemannian condition
∇ˆµ γˆν = [Vˆµ, γˆν], (12)
where Vˆµ is an arbitrary element of the associated Clifford algebra [7]. Note that Eq. (12) is the most general condition
upon the Dirac matrices that allows a Riemannian geometry satisfying the condition that the covariant derivative of
the metric vanishes, i.e., ∇ˆα eˆµν = 0. In the Appendix B, one can see that, even under this general condition, the
conservation law is still satisfied in both representations.
The presence of Vµ suggests that the interaction between the electromagnetic field and Ψ occurs in the internal
space. In the absence of any kind of matter, we are free to assume that the commutator on the right-hand side of Eq.
(12) vanishes. However, when matter (of any kind) exists, Vˆµ depends simultaneously on the electromagnetic field
and on the properties of the matter field and, in the case of spinors, we set
Vˆµ = i
m c
~ β
Fµν γˆ
νγ5, (13)
where m is the neutrino mass in the minimal extended version of the standard model. In order to guarantee that
we are dealing only with uncharged particles, we assume that the Fock-Ivanenko connection does not have any term
proportional to the identity 1, according to [7]. It should be remarked that even if we consider massless neutrinos
(which is indeed the standard model assumption), we can rewrite Vˆµ is terms of the neutrino energy and then the
coupling to the electromagnetic field is still present. This replacement of m by E suggests that such interaction should
be examined in order to investigate the existence of the right-handed neutrinos [8, 9].
Using Eqs. (7) and (13) into the equation of motion (11), we get
i ~c γµ∂µΨ+
mc2
β
Fµν σ
µνγ5Ψ−mc2Ψ = 0, (14)
which, according to the regime under consideration, corresponds to the first order approximation in F/2β2 where
σµν = (γµγν − γνγµ)/2.
2 The most general expression for the γˆµ in terms of the Dirac matrices γµ and the electromagnetic field Fµν is
γˆµ = γµ + [λ
√
ǫFµα + qǫΦ
µ
α]γ
α,
where λ and q are constants satisfying 2q = λ2 + 1 and ǫ = −1/2β2. To simplify our exposition we set here λ = 0.
6The effect of the universal minimal coupling between matter of any kind and the electromagnetic field using the
metric eˆµν provides an effective magnetic moment that depends on the mass of the spinor field and on the parameter
β, that is
µG
.
=
mc2
β
. (15)
Remarkably, the hypothesis of universality of eˆµν reveals the existence of an alternative origin for the magnetic
moment of all particles (charged or not)3 from first principles. The compatibility of this result induced by the Eˆ-
representation in the MM-representation implies that the Lagrangian describing the interaction between the neutrino
and the electromagnetic field contains an extra term in the MM-representation which is usually introduced by hand
and without further justification. In other words, the presence of a magnetic moment for the neutrino in the standard
MM-representation should not be viewed as an exotic surprise but instead should be understood—on the light of the
Dynamical Bridge method—as a consequence of the universality of the geometry eˆµν in the Eˆ-representation. Next
section, we shall introduce this map for charged particles and then compare with experiments.
VI. THE Eˆ−METRICAL MAGNETIC MOMENT FOR CHARGED PARTICLES
It is important to emphasize that the value of the magnetic moment obtained in the previous section contains only
the general contribution for any particle. Charged particles have an extra source for µ that is related to their charge,
of course. For instance, the standard magnetic moment of the electron is the Bohr magneton µB = e ~/2me. Thus,
the total value of the electron magnetic moment (µe) should be read as
µe = µB +
me c
2
β
+ quantum corrections.
The first part corresponds to the standard magnetic moment, the second one corresponds to our proposal, the
Eˆ−metrical contribution and the last one comes from loop-quantum corrections.
VII. COMPARISON WITH EXPERIMENTS
In this section we compare the contribution of the electromagnetic metric to the anomalous magnetic moment of
the leptons (electron, muon, tau and neutrino) with observational data and phenomenology. Actually, there are only
two precise measurements for the anomaly of the magnetic moment. One of them is the case of the electron (the most
precise measurement) which allows tests of the quantum-electrodynamics (QED), in particular, the fine-structure
constant α. The other one is the muon magnetic moment which has less precise measurements, but it can test the
entire standard model of particle physics [11]. Nowadays, the anomalous magnetic moment of the tau is unobservable
due to its very short mean life. However, there is an estimative for the value of the anomaly that yields an upper
limit of less than 1.3 × 10−2 µτ . According to the standard model, the theoretical prediction of this anomaly is
117 721 × 10−8 µτ . We will not analyze here the case of composite particles, like protons and neutrons, since the
theory of their components (quarks and gluons) is still under construction concerning this point [12].
Currently, the discrepancy between the experimental and theoretical values of the anomalous magnetic moment of
the leptons is very tiny4. The loop-quantum corrections of the standard magnetic moment make this discrepancy
very small, restricting the possibility of new physics. The value of the so-called anomalous magnetic moment al of
the particle l = (e, µ, τ) is defined by
al ≡ gl − 2
2
=
ml
me
µl
µB
− 1, (16)
where µB is the Bohr magneton, me is the electron mass, gl is the Lande´ factor and ml is the mass of the particle
under consideration.
3 If we had applied the minimal coupling principle to the MM representation, we have never obtained such term. In this representation,
it corresponds to a non-minimal coupling, which has several difficulties, as pointed in the literature.
4 All the values used here were taken from the Particle Data Group [10]
7For muons [13], the difference ∆ between the experimental E and the theoretical T values of the anomaly is
∆aµ ≡ aEµ − aTµ = 2.87(63)(49)× 10−9. (17)
Therefore, this is the upper bound in which the geometrical magnetic moment µG may contribute. So, if one considers
that the effect of the matter coupling with eˆµν appears at this order of magnitude for this particle, one gets
µGµ ≡ ∆aµ
e~
2mµ
. (18)
On the other hand, the geometrical magnetic moment for muons is given by the formula
µGµ =
mµc
2
β
. (19)
If one assumes that the geometrical magnetic moment provides all the remaining terms for the muon anomaly, it is
possible to estimate from our formula (19) the critical electromagnetic field, that is
β ≈ 1.31× 1023T.
Assuming that the calibration of the critical field given by this equation is always valid, the geometrical corrections
to the anomalous magnetic moment of the electron is forecasted to be
µGe = 6.74× 10−14µB . (20)
The difference between experimental and theoretical values in this case is about 600 times smaller than in the previous
one [14], namely
∆ae ≡ aEe − aTe = −(0.40± 0.88)× 10−12. (21)
As one can see, the experimental errors are compatible with the effects induced by the electromagnetic geometry
upon the electron anomaly. Concerning the tau anomaly, it is predicted to be less than 1.3 × 10−2, which is also in
accordance with our predictions. Indeed, using the formula (15), we have
µGτ = 8.15× 10−7µτ . (22)
Despite of none precision experiments in this case, it should be remarked that this value provides a very important
prediction of our proposal, because if the tau anomaly appears in a higher order than the quantum corrections, it
suggests a confirmation of the geometrical magnetic moment. Otherwise, our model could be rejected by experiments.
Let us now discuss the exceptional case of neutrinos. As uncharged elementary particle, we could expect that
neutrinos do not have any magnetic moment. Notwithstanding, the one-loop-correction of the standard model predicts
a nonzero magnetic moment for this particle, which depends linearly on its mass.
From the discussion above, it seems very natural to propose that the existence of the neutrino magnetic moment
has nothing to do with quantum corrections, but instead has only the geometrical origin. Then, we can estimate the
value of the neutrino magnetic moment, which is
µGν =
mνc
2
β
= 1.32× 10−19µB . (23)
This value is compatible with the range of values obtained from distinct areas of physics 4×10−20µB < µν < 9×10−9µB
[15–17]. Finally, remark that our prediction is very close to the one established by the minimal extended standard
model (µν ≈ 3.2× 10−19µB).
8VIII. CONCLUSIONS
The possibility of describing the dynamics of a nonlinear Born-Infeld theory in terms of the linear Maxwell theory
is certainly an unexpected result. As demonstrated along the text, the price to pay is to introduce a curved geometry
which has only an electromagnetic character. In the present work, we tried to go ahead by generalizing this equivalence
between dynamics in the presence of matter. This is achieved by the application of the minimal coupling principle of
any kind of matter (charged or not) with the geometry eˆµν . This implies several consequences that we have explored
only in the weak field regime, i.e., very far from the critical field β. The most important outcome is the contribution
to the anomalous magnetic moment of leptons and, particularly, for neutrinos. The comparison of our approach to
the experimental data indicates that our theory is not in contradiction with observations. This model should thus
be further investigated and the case of high electromagnetic fields should be examined in more details. We will come
back to these questions elsewhere.
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Appendix A: Some useful formulas on the road to the Dynamical Bridge
The two scalar invariants of the electromagnetic field Fµν are defined as
F ≡ FµνFµν
G ≡ ∗FµνFµν .
From these definitions the following algebraic relations follows:
∗Fµα∗Fαν − FµαFαν = F
2
δµν , (A1)
∗FµαFαν = −G
4
δµν , (A2)
FµαF
α
βF
β
ν = −G
4
∗Fµν − F
2
Fµν , (A3)
FµαF
α
βF
β
λF
λ
ν =
G2
16
δµν − F
2
FµαF
α
ν . (A4)
In the Maxwell theory, every tensor index is raised and lowered using the Minkowski metric ηµν , while in the curved
Eˆ− metric the indexes must be raised and lowered using eˆµν . In a schematic way, we have:
• Maxwell’s theory: it is represented in the Minkowski metric ηµν and the Lagrangian is L = −F/4. Then,
Fµν ≡ Fαβηµαηνβ ,
F = FµνFαβη
µαηνβ .
The dynamical equation of this theory in the absence of sources is given by
1√−η (
√−ηFαβηµαηνβ),ν = 0.
• Born-Infeld’s theory: it corresponds to the curved metric eˆµν and the nonlinear Lagrangian Lˆ =
β2
(
1−
√
Uˆ
)
, where β is a free parameter (critical electromagnetic field) and
Uˆ = 1+
Fˆ
2β2
− Gˆ
16β4
.
9We define
Fˆµν ≡ Fαβ eˆµαeˆνβ ,
Fˆ = FµνFαβ eˆ
µαeˆνβ ,
Gˆ =
1√−eˆ ǫ
µναβFµνFαβ =
∗FˆµνFµν ,
where ǫµναβ is the completely skew-symmetric object and ǫ0123 = 1. The dynamics of this nonlinear theory in
the absence of source is provided by
∂ν
[√− eˆ
Uˆ
(
Fˆµν − 1
4 β2
Gˆ ∗Fˆµν
)]
= 0.
The electromagnetic metric eˆµν depends on the electromagnetic field and the background geometry. Due to the
algebraic relations (A1)-(A4), there is a unique way to define the electromagnetic metric, namely,
eˆµν = a ηµν + bΦµν , (A5)
where a and b are functions of the Lorentz invariants F and G and Φµν ≡ FµαFαν . The term electromagnetic metric
is due to the fact that eˆµν is defined uniquely in terms of the electromagnetic fields. The relation between the scalar
invariants of these theories is obtained according to:


Fˆ = a2
[
(p− ǫFq)F − ǫq2 G2
]
,
Gˆ = a2
[
p− ǫq2 F
]
G,
(A6)
where
p ≡ 1 + ǫ
2G2
16
, q ≡ 1− ǫF
4
.
These are the necessary formula to prove the dynamical bridge.
Appendix B: General expression for the spin connection
From the condition (12) the internal connection Γˆµ is provided by
Γˆµ = Γˆ
FI
µ + Vˆµ, (B1)
where Vˆµ is an arbitrary vector satisfying the Clifford algebra and Γˆ
FI
µ is the Fock-Ivanenko connection defined in
terms of the Dirac matrices γˆµ’s, as follows
ΓˆFIµ ≡
1
8
[
γˆλγˆλ,µ − γˆλ,µγˆλ + Γˆǫλµ(γˆǫγˆλ − γˆλγˆǫ)
]
, (B2)
where Γˆǫλµ is the Christoffel symbol constructed with the eˆµν metric. The covariant derivative of Ψ is given by
∇ˆµΨ = ∂µΨ− ΓˆµΨ
= ∂µΨ− ΓˆFIµ Ψ− VˆµΨ.
(B3)
In order to preserve the probability current Jˆµ ≡ Ψ¯γˆµΨ in the metric eˆµν , i.e,
∇ˆµJˆµ = 0,
10
the hermitian conjugate expression of (B3) takes the form
∇ˆµΨ¯ = ∂µΨ¯ + Ψ¯Γˆµ
= ∂µΨ¯ + Ψ¯Γˆ
FI
µ + Ψ¯Vˆµ.
(B4)
In the general case, it was demonstrated in [18] that Vˆ µ must transform like the Fock-Ivanenko connection in order
to verify the conservation laws. Thus, according to the choice of Vˆ µ given by (13), that contains the anti-symmetric
tensor Fµν , guarantees the conservation law. From these statements, it is straightforward to verify that the probability
current is also conserved in Minkowski space.
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